Abstract. Let W be a complex reflection group, acting on a complex vector space h. Kato has recently introduced the notion of a "Kostka system," which is a certain collection of finite-dimensional W -equivariant modules for the symmetric algebra on h. In this paper, we show that Kostka systems can be used to construct "exotic" t-structures on the derived category of finite-dimensional modules, and we prove a derived-equivalence result for these t-structures.
1. Introduction 1.1. Overview. In the early 1980's, Shoji [S1, S2] and Lusztig [L3] showed that Green functions-certain polynomials arising in the representation theory of finite groups of Lie type-can be computed by a rather elementary procedure, now often known as the Lusztig-Shoji algorithm. This algorithm can be interpreted as a computation in the Grothendieck group of the derived category of mixed ℓ-adic complexes on the nilpotent cone of a reductive algebraic group, with the simple perverse sheaves playing a key role; see [A3] .
In recent work [K1] , Kato has proposed an alternative interpretation of Green functions in terms of the Grothendieck group of the (derived) category of graded modules over the ring A W = C[W ] # C[h * ], where W is the Weyl group, and h is the Cartan subalgebra. In place of simple perverse sheaves, the key objects are now projective A W -modules. Thus, Kato's viewpoint is "Koszul dual" to the geometric one. A prominent place is given to certain collections of finite-dimensional A Wmodules (denoted by K χ in [K1] and by∇ χ here), called Kostka systems.
In this paper, we study Kostka systems as generators of the derived category D b fd (A W ) of finite-dimensional A W -modules. We prove that they form a dualizable quasi-exceptional sequence, which implies that they determine a new t-structure on D b fd (A W ), called the exotic t-structure. The heart of this t-structure, denoted by Ex W , is a finite-length weakly quasi-hereditary category. The main result (see Theorem 6.9) states that there is an equivalence of triangulated categories
fd (A W ). Of course, projective A W -modules cannot belong to Ex W , since they are not finitedimensional. Nevertheless, in some ways, they behave as though they were tilting objects of Ex W . Thus, in a loose sense, which we do not attempt to make precise in this paper, the category Ex W can be thought of "Ringel dual" Table 1 . Geometric Langlands duality and Springer theory 1.2. Analogy with geometric Langlands duality. A theme arising in geometric Langlands duality is that perverse or constructible sheaves on a (partial) affine flag variety for a reductive group G should be described in terms of coherent sheaves on varieties related to the dual groupǦ. For instance, the spherical equivariant derived category of the affine Grassmannian Gr is closely related to coherent sheaves on the dual Lie algebraǧ; see [BF] . Springer theory is a rich source of phenomena that seem to be "shadows at the level of the Weyl group" of geometric Langlands duality. Indeed, the Springer correspondence itself is in part a Weyl-group shadow of the geometric Satake equivalence [AH, AHR] . Another example is Rider's equivalence [Rid] relating the equivariant derived category of the nilpotent cone to A W -modules, or, equivalently, to W -equivariant coherent sheaves on the dual Cartan subalgebraȟ: this resembles the aforementioned result of [BF] . Further parallels are summarized in Table 1. Kato's results and those of the present paper are contributions to the study of the "Galois side" (or "coherent side") of this picture. Among (complexes of) coherent sheaves onǧ, those supported on the dual nilpotent coneŇ are of particular importance, especially those in the heart of an exotic t-structure determined by the so-called Andersen-Jantzen sheaves [B1, B2] . The Weyl-group analogue should involve sheaves supported on {0} ⊂ȟ-in other words, finite-dimensional A W -modules. Specifically, Kostka systems should be thought of as Weyl-group analogues of Andersen-Jantzen sheaves, and the equivalence (1.1) as a Weyl-group shadow of the derived equivalences from [B2] or [A4, Theorem 1.2].
1.3. Green functions for complex reflection groups. The Lusztig-Shoji algorithm itself only requires knowing the reflection group W and the preorder on Irr(W ) induced by the Springer correspondence. (See [A1] .) In particular, it makes sense to carry out the algorithm with a different, "artificial" preorder, or even with W replaced by a complex reflection group that is not the Weyl group of any algebraic group. See [S3, S4, GM] for variations and conjectures on the Lusztig-Shoji algorithm.
One of Kato's aims in [K1] was to provide a categorical framework for interpreting the output of the algorithm in this more general setting, where geometric tools like perverse sheaves are not available. In the present paper, we try to preserve this goal. Most definitions and constructions in this paper make sense for arbitrary complex reflection groups and arbitrary preorders on Irr(W ). We do invoke some results of Kato whose proofs involve the geometry of the nilpotent cone, and are thus valid only for Weyl groups. However, outside of Section 4, we treat these results as axioms: if, in the future, non-geometric proofs of these results become available for other complex reflection groups, then the main results of this paper will extend to those complex reflection groups as well.
1.4. Acknowledgments. I am grateful to Syu Kato for a number of helpful comments. This paper has, of course, been deeply influenced by his ideas.
Notation and preliminaries
2.1. Graded rings and vector spaces. If R is a noetherian graded C-algebra, we write R-gmod (resp. R-gmod fd ) for the category of finitely-generated (resp. finitedimensional) graded left R-modules. For any M ∈ R-gmod, we write gr k V for its k-th graded component. We define M 1 to be the new graded module with
The operation M → M 1 also makes sense for chain complexes of modules over R. If M and N are (complexes of) graded R-modules, we define Hom R (M, N ) (or simply Hom(M, N )) to be the graded vector space given by
We use the term grade to refer to the integers k such that gr k M = 0, reserving the term degree for homological uses, such as indexing the terms in a chain complex. Thus, a module M is said to have grades ≥ n if gr k M = 0 for all k < n. If M is a chain complex of modules, we say that M has grades ≥ n if all its cohomology modules H i (M ) have grades ≥ n. If M and N are objects in a derived category of R-modules, we employ the usual notation Hom
2.2. Reflection groups and phyla. Throughout the paper, W will be a fixed complex reflection group, acting on a finite-dimensional complex vector space h. Let Sh be the symmetric algebra on h, regarded as a graded ring by declaring elements of h ⊂ Sh to have degree 1. Our main object of study is the ring
Let A W -gmod be the category of finitely-generated graded A W -modules. Henceforth, all A W -modules are assumed to be objects of A W -gmod. Let Irr(W ) denote the set of irreducible complex characters of W . For χ ∈ Irr(W ), letχ denote the complex-conjugate character. If W is a Coxeter group, then all characters are real-valued, andχ = χ, but general complex reflection groups may have characters that are not real-valued.
We also assume throughout that Irr(W ) is equipped with a fixed total preorder , and that the equivalence relation ∼ induced by this preorder satisfies χ ∼χ for all χ ∈ Irr(W ). (In [K1] , a preorder satisfying this condition is said to be of Malle type. Many arguments in this paper can likely be adapted to the case where this condition is dropped, but these generalizations will not be pursued here.) Following [A1] , the equivalence classes for ∼ are called phyla. For χ ∈ Irr(W ), we write [χ] for the phylum to which it belongs.
2.3. A W -modules. For each χ ∈ Irr(W ), choose a representation L χ giving rise to that character. Consider the vector space
We regard this as a graded A W -module by having Sh act on the second factor, and having W act on both factors. This is a projective A W -module, and every indecomposable projective in A W -gmod is of the form P χ n for some χ and some n. 
2.5. Finite-dimensional modules. As noted in the introduction, the main results of this paper involve the category
We will occasionally make use of the fact that this is equivalent to the derived category D b (A W -gmod fd ). That fact is an instance of the following lemma.
Lemma 2.1. Let R = n≥0 R n be a nonnegatively graded noetherian C-algebra, and assume that R 0 is finite-dimensional. Then the natural functor
is fully faithful.
Proof. We begin with a digression. Since R is noetherian and R 0 is finite-dimensional, each R n must be finite-dimensional. It follows that for any M ∈ R-gmod, each gr n M is finite-dimensional. Now, given k ∈ Z, let M ≥k ⊂ M be the submodule generated by all homogeneous elements of grade ≥ k, and let
It is easy to see that the functors M → M ≥k and M → M ≤k are exact. Moreover, M ≤k is always finite-dimensional.
Returning to the statement of the lemma, recall that by a standard argument (see [BBD, Proposition 3.1.16] ), the question can be reduced to showing that the following natural morphism of δ-functors (for A, B ∈ R-gmod fd ) is an isomorphism:
. When i = 0, this is obvious, and for i = 1, this follows from the fact that R-gmod fd is a Serre subcategory of R-gmod.
For general i > 0, each element of Ext
is represented by some exact sequence
Since A and B are finite-dimensional, there is a k such that A ≥k+1 = B ≥k+1 = 0. Applying the exact functor M → M ≤k to (2.4) gives an exact sequence According to [BBD, Remarque 3.1.17 (1)], if (2.3) failed to be an isomorphism for some i, then for a minimal such i, it would be injective but not surjective. So (2.3) is indeed an isomorphism for all i.
2.6. Admissible subcategories of triangulated categories. We conclude this section with a review of a result from homological algebra that we will use a number of times in the sequel.
Definition 2.2. Let D be a triangulated category, and let A and B be two full triangulated subcategories. We say that (A, B) is an admissible pair if the following two conditions hold:
(1) We have Hom(A, B) = 0 whenever A ∈ A and B ∈ B.
(2) Together, the objects in A and B generate D as a triangulated category. This is slightly nonstandard terminology: usually, A is said to be right-admissible if there exists a B such that the conditions above hold; dually, B is said to be left-admissible. The following lemma collects some consequences and equivalent characterizations. Note, in particular, that each of A and B determines the other.
Triangulated subcategories associated to a phylum
Given a phylum f , we define a full subcategory of D − (A W ) as follows:
We will also consider the "strict" version D − (A W ) ≺f , as well as the analogous subcategories of
In addition, we have
The first of these holds by a routine homological-algebra argument for boundedabove complexes of projectives over a ring with finite global dimension. The second equality follows from the first using (3.1).
In this section, we first construct a collection of objects in D − (A W ) and D + (A W ) with various Hom-vanishing properties related to the categories defined above. Then, under the additional assumption that these objects lie in D b (A W ), we prove structural results for that category in the spirit of Lemma 2.3.
3.1. Construction of ∇ χ and ∆ χ . We begin with the following result.
together with a morphism s : P χ → ∇ χ with the following properties:
(
Moreover, the pair (∇ χ , s) is unique up to unique isomorphism.
be the A W -submodule generated by all the homogeneous W -stable subspaces that are isomorphic to some
is actually generated by a finite number of such subspaces. Thus, there is a surjective map
, where M ′ is a direct sum of finitely many objects of the form P ψ n with ψ ≺ χ.
We now define a complex (N • , d
• ) inductively as follows. Let N i = 0 for i > 0, and let N 0 = P χ . Then, assuming that N i and d i : N i → N i+1 have already been defined for i > j, let us apply the construction of the preceding paragraph
There is an obvious morphism s : P χ → ∇ χ . Its cone is isomorphic to the complex obtained from (N • , d
• ) by omitting N 0 . By construction, the N i for i < 0 are direct sums of P ψ n with ψ ≺ χ, so it is clear that the cone of s lies in
given by a suitable bounded-above complex of projectives, it is a routine exercise in homological algebra to show that any map M → ∇ χ is null-homotopic. On the other hand, if
is given by a boundedbelow complex of projectives, let M ′ be the subcomplex obtained by omitting the terms in degrees ≤ 1, and form a distinguished triangle
were another morphism with the same properties, and let C ′ be its cone. Since Hom(C[−1], ∇ ′ χ ) = 0, the map s ′ factors through s, and then the last assertion follows by a standard argument.
Remark 3.2. In the construction above, it is easy to see by induction that the complex (N • , d
• ) representing ∇ χ can be chosen such that each nonzero N j is generated in grades ≥ −j ≥ 0. It follows that ∇ χ has grades ≥ 0.
together with a morphism t : ∆ χ → P χ with the following properties:
(1) The cone of t lies in
Moreover, the pair (∆ χ , t) is unique up to unique isomorphism.
Proof. Let ∆ χ = D(∇χ), and let t = D(s) : ∆ χ → P χ . It follows from (2.2), (3.1), and Proposition 3.1 that (∆ χ , t) has the required properties.
Proof. The first assertion follows from Propositions 3.1(2) and 3.3(2). For the second, observe that by construction, ∇ ψ is isomorphic to a complex of projectives in nonpositive degrees, so ∆ ψ is isomorphic to a complex of projectives in nonnegative degrees. The result then follows by the remarks after (2.1).
Admissible subcategories of
For the remainder of this section, we impose the additional assumption that all the ∆ χ and ∇ χ lie in D b (A W ). With this assumption, it makes sense to consider the following full triangulated subcategories of D b (A W ):
f = the triangulated subcategory generated by the ∆ χ n with χ ∈ f .
We will see below that these two categories are equivalent. It often happens that the ∇ χ are easier to work with explicitly than the ∆ χ , so this equivalence will be useful for transfering facts about the former to the setting of the latter.
Proof. This follows by induction on f with respect to the order on the set of phyla, using the distinguished triangle
In the case of the ∇ χ , this statement can be refined a bit. Recall from Remark 3.2 that ∇ χ has grades ≥ 0. It follows that in the distinguished triangle P χ → ∇ χ → C →, the object C has grades ≥ 0. By keeping track of grades in the induction, one can see that each P ψ is contained in the triangulated category generated by the ∇ χ k with k ≥ 0. We have just shown that part (2) in the corollary below implies part (3). (Note, in contrast, that the ∆ χ do not, in general, have grades ≥ 0.)
(1) M has grades ≥ n.
(2) M is isomorphic to a complex of projective A W -modules each term of which has grades ≥ n. (3) M lies in the triangulated subcategory generated by the ∇ χ k with k ≥ n.
Proof. We saw above that (2) implies (3). It is a routine exercise to see that (1) implies (2), and Remark 3.2 tells us that (3) implies (1).
Corollary 3.7. Each of the two pairs of categories
Proof. This follows from Propositions 3.1(2), 3.3(2), and 3.5.
The next two results are just restatements of parts (4)-(6) of Lemma 2.3. (
Let us denote the composition of these two equivalences by
Proposition 3.10. For each χ, there is a morphism i :
. As a consequence, we have
Proof. Consider the distinguished triangles P χ s → ∇ χ → C → and and ∆ χ t → P χ → C ′ →. Let i = s • t, and let K be its cone. Applying the octahedral axiom to this composition, one finds that there is a distinguished triangle of the form
The preceding proposition says that ∆ χ and ∇ χ become isomorphic in the quotient
Following this isomorphism through the equivalences of Lemma 3.9 gives us the next result.
Corollary 3.11. If χ ∼ ψ, then we have natural isomorphisms
Proof. This follows from Corollary 3.4(2) and Corollary 3.11.
3.3. Negative Ext-vanishing for the ∇ χ . It was remarked earlier that the ∇ χ are often easier to work with than the ∆ χ . The reason is that the ∇ χ often belong to A W -gmod. The following proposition gives a criterion for this to hold. This proposition will not be used elsewhere in the paper, since, in the context of generalized Springer correspondences, Kato has shown this using a rather different argument. The assumption that
Proposition 3.13. The following conditions are equivalent:
Proof. It is obvious that the second condition implies the first, so we will focus on the other implication. For an object X, let [X] denote its isomorphism class. We will make use of the " * " operation for triangulated categories; see [BBD, §1.3.9] . If X and Y are two sets of isomorphism classes of objects, then X * Y is the set of isomorphism classes [Z] such that Z fits into a distinguished triangle X → Z → Y → with [X] ∈ X and [Y ] ∈ Y. This operation is associative.
We claim that there are characters ψ i ∈ Irr(W ) and integers n i , k i such that
and where ψ i ≺ χ and k i ≥ 0 for all i. We prove this claim by induction with respect to the preorder . If χ is minimal, then P χ = ∇ χ , and there is nothing to prove. Otherwise, form the distinguished triangle
Referring to the explicit construction in the proof of Proposition 3.1 again, we see that C[−1] is given by a complex of P θ m 's concentrated in degrees ≤ 0, with θ ≺ χ. In other words, there is an expression of the form
where θ i ≺ χ and p i ≥ 0 for all i. By induction, we can replace each term here by one of the form (3.3). Combining this with (3.4) yields the desired expression for P χ , so the proof of (3.3) is complete. We now claim that
Indeed, for i > 0, this is obvious by construction, whereas for i < 0, it follows from (3.3) and the assumption that Hom j (∇ θ , ∇ ψ ) vanishes for j < 0. Finally, we observe that an object X of D b (A W ) lies in A W -gmod if and only if Hom i (P χ , X) = 0 for all χ and all i = 0.
Results from the geometry of generalized Springer correspondences
One source of natural preorders on Irr(W ) for certain Coxeter groups W is Lusztig's generalized Springer correspondence [L2] , which involves the study of certain perverse sheaves on the unipotent variety of a reductive group. In this setting, Kato has shown [K1, K2] that one can exploit the geometry to prove a number of strong results about the P χ and the ∇ χ . His results are stated in a somewhat different language, however, so this section is devoted to rephrasing Kato's results in terms that are better suited to the aims of the present paper. In particular, we prove that the ∇ χ coincide with the modules denotedK χ in [K1] . The argument given here is an adaptation of one given by Kato in [K2] .
We begin with some notation. Let G be a connected complex reductive algebraic group, and let U denote its unipotent variety. Let L ⊂ G be a Levi subgroup, C 1 ⊂ L a unipotent class in L, and E 1 a local system on C 1 such that the triple (L, C 1 , E 1 ) appears in [L2, Theorem 6.5 ]. According to [L2, Theorem 9 
. This isomorphism determines a decomposition
where the IC χ are distinct simple perverse sheaves. Define a preorder on Irr(W ) by
The support of each IC χ is the closure of one unipotent class, so the phyla of this preorder can be identified with a subset of the set of unipotent classes of G. Throughout this section, we will assume that W and arise in this way. We will use the equivariant derived category D b G (U) to construct certain A W -modules. The starting point is the fact [L4, K1] that there is an isomorphism of graded rings
(Also, Hom i (K, K) = 0 for i odd.) This lets us define an additive functor
In particular, we have S(IC χ ) ∼ = P χ . Moreover, for any F , the natural map
is an isomorphism, as both sides are naturally identified with gr k S(F ). Since each IC χ is a direct summand of K, it follows that the natural map
is also an isomorphism. The next two lemmas involve the following notion from [JMW] : an object F ∈ D b G (U) is said to be * -even (resp. !-even) if for each unipotent class j C : C ֒→ U, the cohomology sheaves
Proof. According to [L3, Theorem 24.8(a) ], the object K is * -even. As explained in [JMW, Remark 2.7] , if G is !-even, then Hom k (K, G) = 0 when k is odd. Thus, in the long exact sequence obtained by applying Hom(K, −) to the given distinguished triangle, all the odd-degree terms vanish, and the result follows. For every unipotent class j C : C ֒→ U and every irreducible local system E occurring in some cohomology sheaf H k (j ! C F ), the simple perverse sheaf IC(C, E) occurs as a direct summand of K.
Then F lies in the triangulated subcategory
Proof. Let us say that an object in D b G (U) is !-good if condition (4.3) holds for it. We proceed by induction on the number of unipotent classes in the support of F . Choose a class C that is open in the support of F , and let Z = supp F C. Let i : Z → U be the inclusion map, and form the distinguished triangle
The first term is clearly !-even and !-good, so by induction, it lies in
Since applying S to (4.4) yields a short exact sequence, it suffices to prove that the conclusions of the lemma hold for j C * j * C F . As explained in [JMW, §2] , the fact that F is !-even implies that j * C F ∈ D b G (C) is isomorphic to the direct sum of objects of the form E[2k], where E is an irreducible local system. We may as well assume that j * C F ∼ = E for some such E. Moreover, since F is !-good, IC(C, E) must occur in K, say as IC(C, E) ∼ = IC χ .
Consider the distinguished triangle
By [L3, Theorem 24.8 ], IC χ is both !-even and !-good. (More precisely, that result asserts that each summand of K is * -even and " * -good"; we obtain the required facts by applying it to the Verdier dual of K.) Therefore, the first term in (4.5) is !-even and !-good as well, so the conclusions of the lemma hold for it by induction. Those conclusions obviously hold for IC χ , so they also hold for j C * E, as desired.
Proof. Suppose IC χ ∼ = IC(C, E). Let i : C C ֒→ U be the inclusion map. Recall, as in the proof of Lemma 4.2, that i * i ! IC(C, E) is !-even and satisfies (4.3).
. We claim that K ∼ = ∇ χ . By the uniqueness asserted in Proposition 3.1, it suffices to check that Hom(M, K) = 0 for
. Since K is a bounded complex, we may restrict our attention to
, and indeed to M of the form P ψ n with ψ ≺ χ. Since K lies in A W -gmod and P ψ is projective, we have that Hom i (P ψ , K) = 0 for i = 0. For i = 0, we see from (4.2) that gr k Hom(
Referring to the construction of ∇ χ in Proposition 3.1, it can be seen that when it lies in A W -gmod, it admits the following explicit description:
im g .
In [K1] , this module is denotedK χ . We may also form the quotient
Modules of this form are called traces in [K1] and are denoted by K χ or K c χ . The following theorem summarizes the properties of the ∇ χ and the∇ χ in this situation. Part (1) was contained in Lemma 4.3, and parts (2) and (3) 
Theorem 4.4 (Kato). Assume that arises from a generalized Springer correspondence. Then we have:
(1) Each ∇ χ lies in A W -gmod.
(2) Each ∇ χ admits a filtration whose subquotients are of the form∇ ψ n with ψ ∼ χ. (3) Each P χ admits a filtration whose subquotients are of the form ∇ ψ n with ψ χ.
Module categories associated to a phylum
For the remainder of the paper, we will treat Theorem 4.4 as a "black box." To be more precise, the proofs in this section and the next avoid geometric arguments, and are written so as to be able to accommodate arbitrary complex reflection groups and arbitrary preorders. Since the proofs make use of Theorem 4.4, the results below are, for the moment, only known to hold when W and come from a generalized Springer correspondence. However, if, in the future, Theorem 4.4 is shown to hold for other W and , then the results below would automatically hold in those new cases as well.
In this section, we study various special classes of modules associated to a phylum, as well as certain related abelian and triangulated categories. We will require the following notions.
Definition 5.1. Let f be a phylum. An object of A W -gmod is said to be:
• f -good if it admits a (possibly infinite) filtration whose subquotients are various∇ χ n with χ ∈ f .
• f -quasicostandard if it is f -good and finite-dimensional.
• f -projective if it is a direct sum of various ∇ χ n with χ ∈ f .
• f -presentable if it is the cokernel of a map between f -projective modules.
The following lemma tells us that "f -quasicostandard" is not an empty concept. Proof. This is immediate from the definition of the∇ χ .
The term "f -projective" is justified by the fact that such a module is a projective object in the following Serre subcategory of A W -gmod (see [K1, Corollary 3.8] ):
We will also study the additive categories
as well as the triangulated categories
For any χ ∈ Irr(W ) and any n ≥ 0, there is a short exact sequence
where A n is [χ]-good with grades ≥ n, and Y n is [χ]-quasicostandard. In particular, ∇ χ is a quotient of Y n , and for any object M ∈ D b (A W ), we have
Proof. The first part of this lemma is just a restatement of Theorem 4.4(2), together with the observation that for fixed k, only finitely many subquotients of ∇ χ can have the form∇ ψ k . Next, given M ∈ D b (A W ), choose some bounded complex of projectives that represents M , and let n be large enough that each term of that complex is generated in grades < n. There is no nonzero morphism from such a complex to any object with grades ≥ n. In particular, Hom
• (M, A n ) = 0, and the last assertion follows.
Lemma 5.4. For any phylum f , P f is an abelian category with enough projectives. The projective objects in P f are precisely the f -projective A W -modules, and the simple objects in P f are the∇ χ n with χ ∈ f .
Moreover, an A W -module M is f -quasicostandard if and only if it is f -presentable and finite-dimensional. In particular, Q f is a Serre subcategory of P f .
Proof. We proceed in several steps. The first two take place in A W -gmod ≺f , and the later ones in P f .
Step 1. The∇ χ are f -presentable. Let M be the kernel of the obvious map ∇ χ → ∇ χ . From Theorem 4.4(2) or Lemma 5.3, we know that M is f -good. In particular, M is generated by its subspaces that are isomorphic (as W -representations) to various L ψ n with ψ ∈ f . Indeed, M is generated by a finite number of such subspaces, so M is a quotient of some f -projective module. The claim follows.
Step 2. The class of f -presentable modules is stable under extensions. Let 0 → A → B → C → 0 be a short exact sequence in A W -gmod. We wish to show that if A and C are f -presentable, then B is as well. In fact, a nine-lemma argument shows that it suffices to prove the following weaker statement: if A and C are quotients of f -projective modules, then B is as well. This latter statement is immediate from the observation that A and C necessarily lie in A W -gmod ≺f , and so B does as well. (Note, however, that not every quotient of an f -projective module is f -presentable.)
Step 3. P f is an abelian category with projectives as described above. Let F = ψ∈f ∇ ψ , and consider the graded ring Γ = Hom(F, F ) op . We have a functor e : P f → Γ-gmod given by e(M ) = Hom(F, M ). A variation of [ARS, Propositions 2.1 and 2.5] shows that e is an equivalence of categories that takes f -projective modules to projective Γ-modules. In particular, P f is naturally an abelian category with enough projectives.
Step 4. The simple objects in P f are precisely the∇ χ n . Abstractly, the isomorphism classes of simple objects in P f are in bijection with those of the indecomposable projectives. Let Σ χ,n ∈ P f be the unique simple quotient of ∇ χ n . This object is characterized by the property that
But∇ χ n lies in P f and also has this property. (This is a special case of Lemma 5.11 below.) We conclude that Σ χ,n ∼ =∇χ n .
Step 5. Characterization of f -quasicostandard modules. It follows from
Step 2 that every f -quasicostandard module is f -presentable, and they are obviously finitedimensional. Conversely, a finite-dimensional f -presentable module must have finite length as an object of P f . From our description of simple objects therein, we see that such a module must be f -quasicostandard.
Remark 5.5. Under the equivalence e : P f ∼ → Γ-gmod (with the notation of the preceding proof), the category Q f corresponds to the category of finite-dimensional Γ-modules.
Of course, any complex of f -presentable or f -quasicostandard modules can be regarded simply as a complex of A W -modules, so there are obvious functors
Proposition 5.6. The functor ρ :
Proof. By arguing as in [BBD, Proposition 3.1 .16], we can reduce this to showing that the contravariant δ-functor Hom i D b (AW ) (−, B) (for fixed B ∈ P f ) is effaceable. Recall that this means that for any A ∈ P f , we must show that there is a surjective map M → A such that the induced map
vanishes. Since P f has enough projectives, it suffices to show that
is f -presentable, and i > 0. To prove this, let n be the projective dimension of P as an A W -module. (Here, we are using the fact that A W has finite global dimension.) Choose an f -projective resolution Q • for B. Let R be the complex obtained by omitting the terms Q i for i > n, and let K be the kernel of the map Q n → Q n−1 . Then there is a distinguished triangle
for all i > 0, and Corollary 3.12 implies that Hom i (P, R) = 0. Thus, (5.1) holds.
Corollary 5.7. The functor ρ :
Proof. It clearly suffices to show that
In view of Remark 5.5, this follows from Lemma 2.1.
Proposition 5.8. The category P f has finite global dimension. In particular, each ∇ χ admits a finite resolution of the form
Proof. This is an immediate consequence of Proposition 5.6 and the fact that A W has finite global dimension.
≺f , then by Proposition 3.8, we have Hom • (M, P ) = 0 for any f -projective P . It follows from Proposition 5.8 that Hom
By Proposition 3.8, there is some k ∈ Z and some χ with χ f such that Hom
Proof. The first assertion comes from Corollary 3.4 and Proposition 5.8. The second follows either from Proposition 3.8, or from Propositions 3.5 and 5.8.
Lemma 5.11. If χ ∼ ψ, then we have
Proof. Consider the morphism i : ∆ χ → ∇ χ of Proposition 3.10. It follows from Lemma 5.9 that i induces an isomorphism Hom
. We now focus on the former.
It is trivial that Hom i (∇ χ ,∇ ψ ) vanishes for i < 0. When i > 0, Corollary 3.12 and Proposition 5.8 together imply that Hom i (∇ χ ,∇ ψ ) = 0. Finally, when i = 0, the result follows from the definition of∇ ψ .
Proposition 5.12. Let f be a phylum.
(1) D b fd (A W ) f is generated as a triangulated category by the∇ χ n (resp. the objects
f is generated as a triangulated category by the objects D(∇ χ ) n with χ ∈ f .
Proof. It is clear that parts (2) and (3) are equivalent. Similarly, D b fd (A W ) f is stable under D, so it is generated by the∇ χ n if and only if it is generated by the D(∇ χ ) n . It suffices, therefore, to consider only the assertions involving thē ∇ χ n .
Let D f (resp, D ≺f , D f , D ≻f ) be the triangulated category generated by thē 
Main results
6.1. Construction of the exotic t-structure. In this subsection and the next, we rely on the general framework developed in [A4] for constructing quasi-hereditary t-structures and proving derived equivalences. The main task is to show that the collection of objects {∇ χ n } satisfy the axioms in [A4] for a "dualizable abelianesque graded quasi-exceptional set." The definition of these terms is recalled in the statements of the first two propositions below.
One caveat should be kept in mind: the arguments given in [A4] assume that the set used to label various objects is equipped with a partial order, not merely a preorder. Below, we will give careful statements of the preorder versions of the definitions and results we need from [A4] . The task of rewriting the proofs from [A4] to accommodate preorders, however, will not be done here, as it is entirely straightforward and tedious. 
In addition, this quasi-exceptional set is abelianesque, meaning that
Proof.
(1) This follows from Lemmas 5.9 and 5.10.
(2) The first assertion is obvious from the fact that∇ χ ∈ A W -gmod. For the second, note that L χ is the unique simple quotient of∇ χ as an A W -module, and recall from Lemma 5.2 that the multiplicity of L χ as a composition factor of∇ ψ n is 1 if ψ = χ and n = 0, and 0 otherwise. Remark 6.4. In [A4] , categories satisfying the conditions (1) and (2) were simply called "quasi-hereditary"; the adjective "weak" was not used. That terminology is compatible with [A2, B1] , but not with most other sources, such as [Rin] . In the more common usage of "quasi-hereditary," one would require that
not just when ψ ≺ χ. This stronger condition does not hold for Ex W in general.
6.2. Derived equivalence. We continue to rely on the machinery that was developed in [A4] . The∆ χ are not, in general, objects of A W -gmod, but in the context of Ex W , they can often be treated symmetrically with the∇ χ . For instance, we can now formulate a notion dual to "f -quasicostandard."
Definition 6.5. Let f be a phylum. An object of D b (A W ) is said to be fquasistandard if it lies in Ex W and admits a filtration whose subquotients are various∆ χ n .
Next, we establish statements parallel to Lemma 5.9 and Proposition 5.12.
Proposition 6.6. Let f be a phylum.
f is generated as a triangulated category by the∆ χ n with χ ∈ f .
Proof. In view of Proposition 6.2(1), it is easy to see by induction on f that part (1) above holds. Then, part (2) can be deduced from part (1) using the same argument that was used to deduce Proposition 5.12(2) from Proposition 5.12(1). The next statement is immediate from Propositions 6.2, 5.12(2), and 6.6(2); cf. Proposition 3.10.
Corollary 6.7. The equivalence T f :
We have T f (∇ χ ) ∼ =∆χ. More generally, T f takes f -quasicostandard objects to fquasistandard objects.
Lemma 6.8. Let f be a phylum, and let χ ∈ f . Proof. Let us consider the following additional statement: Statements (1) and (3) both involve objects in the abelian category Q f . They both follow from the claim that the δ-functor Hom i D b fd (AW ) (A, B) (for A, B ∈ Q f ) is effaceable in both variables, and the latter is a consequence of Corollary 5.7. Finally, Corollary 6.7 implies that conditions (2) and (3) are equivalent to one another.
Theorem 6.9. There is an equivalence of triangulated categories
Proof. The criterion given in [A4, Theorem 3.15] states that for a t-structure arising from a dualizable abelianesque graded quasi-exceptional set, such a derived equivalence holds provided that the conditions in [A4, Definition 3.5] are satisfied. That is precisely the content of Lemma 6.8.
6.3. Tilting. We conclude with a speculation about a possible alternative approach to Theorem 6.9. It is not too difficult to deduce from Lemma 5.3 and Theorem 4.4(3) that each P χ is a projective limit of objects with a "costandard filtration." To be more precise, one can show that there is a sequence of surjective maps
in Ex W such that the kernel of each map M i → M i−1 admits a filtration whose subquotients are various∇ χ k , and such that
With a bit more effort, one can show that the corresponding statement with∆ χ k also holds. (The latter requires more effort because the∆ χ k do not, in general, lie in A W -gmod or in any other obvious t-structure on D b (A W ), so one does not have the luxury of studying the limit of the M i inside an abelian category.) Since P χ is a projective limit in both ways, one might say that P χ is a "protilting" object for Ex W .
However, this viewpoint is somewhat unsatisfactory. In quasi-hereditary categories (in the usual sense, cf. Remark 6.4), where tilting objects give rise to derived equivalences, a key role is played by the fact that tilting objects have no self-extensions. That follows from the fact that a standard object can have no extensions by a costandard object. In contrast, in our setting, although it is true that the P χ have no self-extensions, this cannot readily be deduced from the fact that they are protilting, because it can happen that Ext 1 (∆ χ ,∇ ψ ) = 0 if χ ∼ ψ. In other words, the property of being protilting does not seem to have any useful consequences. A related observation is that the objects ∆ χ and ∇ χ , which have better Ext 1 -vanishing properties, have no role in the notion of "protilting," nor in the proof of Theorem 6.9.
A possible framework for remedying this situation is that of "properly stratified categories," which have been studied by Frisk-Mazorchuk [FM] . These are weakly quasi-hereditary categories equipped with additional classes of objects with good Ext 1 -vanishing properties. In this paper, the notation for the objects ∆ χ , ∇ χ ,∆ χ , ∇ χ was chosen to be reminiscent of theirs.
The category Ex W is not a properly stratified category because the ∆ χ and ∇ χ do not belong to Ex W . But perhaps it would be possible to develop a "pro-" version of the Frisk-Mazorchuk theory, one whose axioms are satisfied by Ex W . In such a theory, Theorem 6.9 might simply be a special case of a general Ringel duality result, analogous to [FM, Theorem 5] .
